Abstract-This paper is concerned with the behavior analysis problems for directed signed networks that involve cooperativeantagonistic interactions among vertices. Of particular interest are to analyze the convergence behaviors for signed networks of vertices that can be permitted with mixed first-order and secondorder dynamics and to deal with the effects of nonidentical topologies that are described by two different signed digraphs. It is shown that for signed networks with sign-consistent nonidentical topologies, polarization (respectively, neutralization) can be achieved if and only if the union of two signed digraphs is structurally balanced (respectively, unbalanced). By contrast, signed networks can always be guaranteed to become neutralized in the presence of sign-inconsistent nonidentical topologies. Simulation examples are included to validate the convergence behaviors observed for signed networks under different classes of nonidentical topologies.
I. INTRODUCTION
N ETWORKS with multiple vertices (nodes or agents) that may interact cooperatively or antagonistically with each other have received considerable research interest recently, especially in the areas of multi-agent systems and complex systems. They also have potential values in many applications, such as in social sciences, natural sciences, economics and robotics (see, e.g., [1, Section 6] for more details). This class of networks subject to cooperative-antagonistic interactions is called signed networks for convenience since, to describe the communication topologies of them, signed graphs are generally employed such that the positive and negative weights of their arcs can be used to represent cooperative and antagonistic interactions between vertices, respectively. Particularly, signed networks can include as a trivial case traditional networks, called unsigned networks for distinction, with communication topologies represented by unsigned (or nonnegative) graphs (see, e.g., [2] - [10] ).
In general, unsigned networks enable the vertices to achieve agreement (or consensus) since they only have the cooperative interactions among vertices (see [2] - [10] ). In comparison with unsigned networks, signed networks behave differently owing to the simultaneous existence of cooperations and antagonisms among vertices, where there may emerge many various dynamic behaviors, such as polarization or bipartite consensus [11] - [19] , sign consensus [20] , modulus consensus [21] , [22] , interval bipartite consensus [23] - [26] , bipartite flocking [27] The authors are with the Seventh Research Division, Beihang University (BUAA), Beijing 100191, P. R. China, and also with the School of Automation Science and Electrical Engineering, Beihang University (BUAA), Beijing 100191, P. R. China (e-mail: dymeng@buaa.edu.cn).
and bipartite containment tracking [28] . It is worth noticing that polarization, instead of agreement, plays a fundamentally important role in analyzing the behaviors of signed networks. Moreover, neutralization and polarization are counterparts for signed networks, which correspond to the structural unbalance and balance of them, respectively. In particular, agreement can be viewed as a trivial case of polarization, in accordance with that the unsigned networks are included as a special case of the structurally balanced signed networks. Regardless of the great development on the behavior analysis of signed networks, most existing results make contributions to signed networks under the identical topologies.
From the literature of unsigned networks, it has been noticed that the agreement among vertices with nonidentical topologies is not simply an extension of that in the presence of an identical topology but subject to challenging difficulties (see, e.g., [6] - [10] ). New design and analysis approaches are usually required to be explored. Take for example the Lyapunov analysis that generally needs to address two different classes of convergence problems on second-order unsigned networks with nonidentical topologies in [6] - [8] . In [9] , [10] , it exploits a new dynamic graph approach based on quadratic matrix polynomials to cope with the effects of nonidentical topologies on the agreement analysis of unsigned networks. How to reach the behavior analysis of directed signed networks with mixed first-order and second-order dynamics, and what are the challenging problems of them against nonidentical topologies? In addition, what are the main differences between the convergence analyses of signed and unsigned networks with nonidentical topologies, and further are they fundamental? Though some attempts have been made to answer these questions in [18] , [29] , the frequency-domain analysis approaches have been leveraged, with which either the effects of nonidentical topologies have not been considered [18] , or the strict symmetry of information communications between vertices has been imposed [29] . Moreover, a new class of signconsistency problems due to nonidentical topologies has been discovered for signed networks in [29] , which however is only discussed for undirected networks, and it is also left to develop the behaviors of signed networks when the sign-consistency condition is violated.
In this paper, we aim at directed signed networks subject to nonidentical topologies and analyze convergence behaviors of them in the presence of mixed first-order and secondorder dynamics. It is shown that a sign-consistency problem is caused for sign patterns of nonidentical topologies and found to play a dominant role in investigating convergence behaviors of signed networks. The sign-consistency is a distinct problem resulting from the nonidentical topologies of signed networks, which naturally disappears for the cases of identical topologies or of unsigned networks. When two signed digraphs (short for directed graphs) representing the nonidentical communication topologies of signed networks are sign-consistent, polarization emerges for the vertices if and only if the union of two signed digraphs is structurally balanced; and otherwise, neutralization arises. In the presence of sign-inconsistent nonidentical topologies, these results do not work any longer, and correspondingly the Lyapunov analysis is not sufficient to address convergence problems for signed networks. To overcome challenges caused by the sign-inconsistency, an M-matrix approach is introduced and it is revealed that signed networks always become neutralized. Note that the convergence problem has not been handled for signed networks even with the sign-inconsistent, undirected nonidentical topologies in [29] . In addition, examples are given to demonstrate the convergence behaviors observed for signed networks subject to different nonidentical topologies.
The remainder sections of this paper are organized as follows. In Section II, directed signed networks subject to nonidentical topologies that are described by two different signed digraphs are introduced, and the relevant convergence problems are proposed. The convergence results are established for dynamic behaviors of signed networks in Section III, in spite of sign-consistent or sign-inconsistent nonidentical topologies. In Section IV, simulations are used to validate the effectiveness of the behavior results for signed networks against nonidentical topologies. Concluding remarks are provided in Section V. In Appendices A and B, the proofs of lemmas and theorems are given, respectively.
Notations: Throughout the paper, let 1 n = [1, 1, · · · , 1] T ∈ R n , and I and 0 be the identity and null matrices with compatible dimensions, respectively. Denote I n = {1, 2, · · · , n}, and two sets of matrices as 
where a i j = sgn (a i j ) a i j , together with sgn (a i j ) taking the sign value of a i j ; a 
II. SIGNED DIGRAPHS AND ASSOCIATED NETWORKS

A. Signed Digraphs
A digraph is a pair G = (V , E ) that consists of a vertex set V = {v i : ∀i ∈ I n } and an arc set
G admits a path from v i to v j . We say that G is strongly connected if, for each pair of distinct vertices, there exists a path between them. For the digraph G , let two other digraphs
A digraph G is called a signed digraph if it is associated with a real adjacency matrix B = [b i j ] ∈ R n×n , where b ii = 0, ∀i ∈ I n and b i j = 0 ⇔ (v j , v i ) ∈ E and b i j = 0 otherwise. We also denote the signed digraph G associated with B as G (B) = (V , E , B), for which L B defines the Laplacian matrix fulfilling
By following [11] , G (B) is said to be structurally balanced if V admits a bipartition
; and it is said to be structurally unbalanced, otherwise. Correspondingly, G (B) is structurally balanced (respectively, unbalanced) if and only if there exists some (respectively, does not exist any) D ∈ D n such that DBD = |B| (see [11] ). In particular, when B ≥ 0, G (B) collapses into a conventional unsigned digraph that is a trivial case of structurally balanced signed digraphs (i.e., D = I).
we generally only have its vertex set V and arc set E c ∪ E d , but how to associate it with an appropriate adjacency matrix is an open problem. To handle this problem, we present a sign-consistency property for any two signed digraphs in the following notion.
Definition 1: From Definition 2 and Remark 1, we can see that the sign patterns have great effect on the properties of nonidentical signed digraphs. This is distinct for the nonidentical signed digraphs, which disappears for identical signed digraphs or for unsigned digraph pairs. The sign-consistency property of Definition 1 can also be extended to consider arbitrarily finite number of signed digraphs, which however is not detailed here for simplicity.
B. Signed Networks
Consider two signed digraphs G (B c ) and
For the sake of distinguishing the neighbor index sets of vertex v i in G (B c ) and G B d , we represent them as N c i and N d i , respectively. Let x i (t) ∈ R and u i (t) ∈ R denote the states of v i , and then for each i ∈ I n , the dynamics of
where k i > 0 is a damping rate. It is worth highlighting that (2) is subject to nonidentical topologies given by two signed digraphs G (B c ) and G B d . Furthermore, the nonidentical topologies lead to that (2) can represent signed networks of vertices with mixed first-order and second-order dynamics. Two extreme cases of this mixed-order representation by (2) are detailed as follows.
i) Let I 1 n = i : b d i j = 0, ∀ j ∈ I n , and then for each i ∈ I 1 n , (2) collapses into describing that v i has the singleintegrator dynamics in the presence of an exponentially decaying input:
and then for each i ∈ I
2 n , (2) becomes the description of v i with the doubleintegrator dynamics: (2) represents a signed network subject to mixed first-order and second-order dynamics, which has only been investigated in the trivial case without considering antagonistic interactions among vertices (see, e.g., [31] - [33] ).
Remark 2: In particular, when I 1 n = I n holds, (2) essentially describes a signed network with single-integrator dynamics associated with G (B c ) (see, e.g., [11] , [23] , [24] , [26] , [28] ). If I 2 n = I n holds, then (2) collapses into a doubleintegrator signed network associated with G B d (see, e.g., [18] , [27] ). Consequently, we may bridge a relationship between single-integrator and double-integrator signed networks through the study on (2), where the effects of nonidentical topologies on behaviors of directed signed networks may emerge as a crucial issue.
We say that the system (2) associated with the nonidentical topologies G (B c ) and
hold for some constant θ ≥ 0. Generally, θ depends on the initial conditions x i (0) and u i (0), ∀i ∈ I n . If θ = 0 is always ensured for all x i (0) and all u i (0), ∀i ∈ I n , then the signed network (2) neutralizes (or achieves (asymptotic) stability). Otherwise, it achieves polarization (or bipartite consensus), where lim t→∞ x i (t) ∈ {±θ }, ∀i ∈ I n means the agreement of vertices in modulus but not in sign.
III. BEHAVIOR ANALYSIS RESULTS
To analyze dynamic behaviors of the directed signed network given by (2), we denote
Then we contribute to the case k i ≡ k, ∀i ∈ I n for the sake of simplicity in the sequel, and express (2) in a compact vector form of
For the trivial case when B c = 0, the convergence properties of (3) are exploited in [18, Theorem 4] , where the selection of k depends heavily on the topology of signed networks described by G B d . It is, however, obvious that the behavior analysis and result of [18, Theorem 4] do not work for signed networks described by (3) subject to nonidentical G (B c ) and G B d .
Further, how to select the rate k to overcome the effects of nonidentical topologies on the behavior analysis of signed networks may become much more challenging.
To proceed to address the aforementioned issues, we denote
T . We thus present the following lemma to implement a nonsingular linear transformation on (3).
Lemma 1: If Y (t) = ΘX(t) is performed with a nonsingular linear transformation matrix as
then the system (3) can be equivalently transformed intȯ
Proof. See the Appendix A. For the system (4), there are two classes of nontrivial block matrices in its system matrix, for which we have properties in the lemma below.
Lemma 2: For any scalars k > 0, α > 0 and β > 0 and any n-by-n real matrices B c and 
However, these properties do not work any longer for signinconsistent signed digraphs G (B c ) and G B d by noting Remark 1.
A. Sign-Consistent Nonidentical Topologies
When considering sign-consistent nonidentical topologies, the convergence behaviors of signed networks given by (3) are tied closely to the structural balance of signed digraphs. To reveal this property, we give a helpful lemma related to the structural balance property. 
where D ∈ D n is such that DBD = |B|, and E and F are matrices given by
2) If G (B) is structurally unbalanced, there exists a unique positive definite matrix H ∈ R n×n such that
Proof. See the Appendix A.
As a consequence of Lemma 2, we can develop a further result of Lemma 3 under the same connectivity and structural balance conditions. Corollary 1: For any scalars α > 0 and β > 0, if the union G (B) of any sign-consistent signed digraphs G (B c ) and 
where Φ and Ψ, respectively, satisfy
is structurally unbalanced;
and
Note that G (B) with B = B c + δ B d has the same connectivity and structural balance properties for any δ > 0. This, together with Corollary 1, ensures that in (7), λ max ΨΨ T > 0 under the strong connectivity of G (B). Hence, µ > 0 can be guaranteed from the definition (7).
With the above discussions, a convergence result of signed networks tied to the structural balance of signed digraphs is shown in the following theorem considering sign-consistent nonidentical topologies.
Theorem 1: Consider the system (3) associated with any sign-consistent signed digraphs G (B c ) and G B d , and choose k > µ for any δ > 1. If the union G (B) of G (B c ) and G B d is strongly connected, then under any initial conditions of x(0) ∈ R n and of u(0) ∈ R n , the following two results hold.
1) Polarization can be achieved if and only if G (B) is structurally balanced for B = B c + B d . Moreover, the converged solution of (3) is given by
for D ∈ D n satisfying DBD = |B| and ν ∈ R n satisfying ν T (DL B D) = 0 and ν T 1 n = 1. 2) Neutralization can be achieved such that lim t→∞ x(t) = 0 and lim t→∞ u(t) = 0 if and only if G (B) is structurally unbalanced for B = B c + B d . Proof. We develop a Lyapunov-based analysis method to prove this theorem. For the details, see the Appendix B.
Remark 4: In Theorem 1, convergence behaviors are analyzed essentially for signed networks with nonidentical directed topologies. Like conventional behavior results of firstorder signed networks exploited in, e.g., [11] , [14] , [24] , [26] , polarization and neutralization are developed in Theorem 1 and closely associated with the structural balance and unbalance of signed digraphs, respectively. However, Theorem 1 encounters dealing with the effect of nonidentical topologies on behaviors of signed networks, which is addressed by exploring the signconsistence property of signed digraphs. This actually is a new challenging problem that has not been considered for directed signed networks in the literature.
Remark 5: Based on Theorem 1, we can find that δ > 1 and k > µ should be adopted to carry out the Lyapunov-based convergence analysis of signed networks. This is mainly due to the effects of directed topologies on dynamic behaviors of signed networks (see also discussions in [18] ). Different from the result of [18] 
B. Sign-Inconsistent Nonidentical Topologies
When considering any sign-inconsistent signed digraphs, the union of them is always rendered with the structural unbalance. Another effect resulting from sign-inconsistence is that a linear combination of the Laplacian matrices of signed digraphs may not be employed as the Laplacian matrix of their union. Hence, the Lyapunov-based convergence analysis method in Theorem 1 may not be directly implemented for signed networks subject to sign-inconsistent nonidentical topologies. To overcome this issue, we develop helpful properties of sign-inconsistency by exploiting the properties of M-matrices based on the separation of cooperative and antagonistic interactions.
Let us revisit the algebraic equivalent transformation (4) of the system (3). However, it follows from Lemma 2 that 
for which we can verify
Further, an M-matrix property of 
which is the product of an M-matrix and a nonnegative matrix.
To proceed further with exploring this fact, we present a matrix stability property with respect to the sign-inconsistency in the following lemma. With Lemma 5 and Corollary 2, we consider any δ > 1 and introduce an index with respect to any sign-inconsistent signed digraphs G (B c ) and 
T is positive definite. This, together with the positive definiteness of H , guarantees ζ > 0 for any δ > 1 under the topology conditions of Lemma 5. In particular, we may choose specific values of δ to determine ζ with (12) .
Based on the above developments, we can establish the following theorem for the convergence of signed networks subject to sign-inconsistent nonidentical topologies. and G B d is strongly connected, then neutralization can be achieved such that for any x(0) ∈ R n and u(0) ∈ R n , lim t→∞ x(t) = 0 and lim t→∞ u(t) = 0 hold. Proof. By resorting to the Lypunov-based analysis method, this theorem can be proved, where the details are provided in the Appendix B.
Remark 6: From Theorem 2, it can be clearly found that the sign-inconsistency of nonidentical topologies makes signed networks always become neutralized. It can also be seen from the neutralization analysis of Theorem 2 that the signinconsistency of nonidentical topologies may cause difficulties in implementing the behavior analysis of signed networks. The main reason is that for any union signed digraph
As a consequence, the stability property (or eigenvalue distribution) of kL B c + δ L B d , ∀k > 0, ∀δ > 0 can not be easily established in spite of the connectivity property of G (B c ) ∪ G B d . Fortunately, this issue can be resolved by exploiting an M-matrix-based analysis approach, which however has not been discussed in the literature of signed networks with nonidentical topologies (see, e.g., [9] , [10] , [29] ).
With Theorems 1 and 2, we successfully obtain convergence results and analysis approaches for signed networks subject to nonidentical topologies, regardless of any sign pattern between signed digraphs representing the topologies. We simultaneously explore a Lyapunov analysis approach to exploiting dynamic behaviors for signed networks, regardless of the general directed topologies, which also incorporates the Mmatrix approach.
IV. SIMULATION EXAMPLES
Next, we implement simulation tests for the signed network described by (2), where we consider n = 10 and k i = 3, ∀i ∈ I 10 . We also employ the initial conditions x i (0) and u i (0), ∀i ∈ I 10 such that
Example 1: Consider the nonidentical topologies for (2) described by G (B c ) and G B d in Fig. 1. Clearly, G (B Consequently, we can calculate that lim t→∞ x(t) = 0.6708D1 10 and lim t→∞ u(t) = 0.
For this case, we plot the simulation results of (2) in Fig.  2 . This figure obviously depicts that the states x i , ∀i ∈ I 10 polarize with the polarized values belonging to {±0.6708} and the inputs u i , ∀i ∈ I 10 become neutralized. We can see that the simulation test in Fig. 2 is consistent with the result calculated above based on Theorem 1.
Example 2: We use the signed digraphs G (B c ) and G B d in Fig. 3 to represent the nonidentical topologies of (2). Different from Example 1, the union of G (B c ) and G B d is structurally unbalance though they are also sign-consistent. We can see from Theorem 1 that lim t→∞ x(t) = 0 and lim t→∞ u(t) = 0 always hold. In Fig. 4 , the simulation of the dynamic behaviors of (2) is shown. It can be clearly found with Fig. 4 that the states x i , ∀i ∈ I 10 and inputs u i , ∀i ∈ I 10 both become neutralized. This, together with Fig. 2 , discloses that different convergence behaviors may emerge for signed networks in the presence of sign-consistent nonidentical topologies, where the structural balance and unbalance properties of signed digraphs play a dominant role.
Example 3: Consider two sign-inconsistent signed digraphs G (B c ) and G B d in Fig. 5 . When we adopt them to describe the nonidentical topologies for (2), Theorem 2 ensures the neutralization behavior for both the states x i , ∀i ∈ I 10 and the inputs u i , ∀i ∈ I 10 . This is demonstrated through the plots of Fig. 6 , from which lim t→∞ x(t) = 0 and lim t→∞ u(t) = 0 can be obviously seen.
Discussions: We can find from the illustrations of Examples 1-3 that the sign patterns of nonidentical topologies have great effect upon convergence behaviors of directed signed net- works. In the presence of sign-consistent nonidentical topologies, the structural balance/unbalance effect should be also considered, which may result in polarization or neutralization of signed networks. However, by comparison to this, signed networks subject to sign-inconsistent nonidentical topologies are always neutralized.
V. CONCLUSIONS
In this paper, convergence behaviors have been discussed for directed signed networks, on which the effects of nonidentical topologies have been considered. A class of sign-inconsistency properties for pairs of signed digraphs has been developed. It has been revealed that the convergence behaviors of signed networks with nonidentical topologies are associated closely with the sign-consistency property. More specifically, if the two signed digraphs describing the nonidentical topologies of signed networks are sign-consistent, then the states of all the vertices polarize if and only if the union of two signed digraphs is structurally balanced; and neutralization emerges, otherwise. However, for signed networks with sign-inconsistent nonidentical topologies, they always become neutralized. Furthermore, a Lyapunov approach together with an M-matrix approach has been established for the behavior analysis of signed networks, which may be of independent interest in handling cooperativeantagonistic interactions over directed nonidentical topologies. Simulation tests have been included to demonstrate the validity of the convergence behaviors exploited for signed networks in the presence of different nonidentical pairs of signed digraphs. 
it is straightforward to develop (4) 2): Again by the definition of Laplacian matrices of signed
(13) For any α > 0 and β > 0 and any B c and
Due to α > 0 and β > 0, we can further verify that ( 
Due to L |B| 1 n = 0, we can derive
Because G (B) is strongly connected, it follows from [26, 
Let us denote A [a i j ] ∈ R (n+1)×(n+1) , and then we can define an unsigned digraph G A = V , E , A , in which we set
We can see from (16) Summarising, we can deduce that G A admits paths from v 0 to every other vertex v i , ∀i ∈ I n . In other words, G A has a spanning tree.
From (16), the Laplacian matrix of G A is given by
Since G A has a spanning tree, we can develop that for L A , there exists only one zero eigenvalue and the other eigenvalues of it are all with positive real parts (see, e.g., [2, Lemma 3.3] ). This together with (17) 
where the positive stability of both 
with which we then denote
where we also insert L |B c | 1 n = 0 and L |B d | 1 n = 0. We can further explore (19) to obtain two subsystems as
Since the convergence of (20) depends on that of (21), we first aim to derive the convergence of (21) . Note that G (B) is both strongly connected and structurally balanced. Then with Lemma 3, we choose a Lyapunov function candidate for the system (21) as
Due to k > 0 and δ > 1, we can validate that V 1 (t) is positive definite based on the positive definiteness of M . Moreover, when we consider (22) for (21), we employ (5), and can verifẏ
with M given by 
Since By combining the convergence result in (25) with the asymptotic stability of the system (21), we can directly derive the convergence of the state of the system (19) . This also ensures the convergence of X(t) for (3) and Y (t) for (4) owing to the following nonsingular linear transformation relations:
, Y (t) = Θ DQ 0 0 DQ
x(t) u(t) .
Next, we calculate the converged value of X(t). By checking two subsystems (20) and (21) separated from the system (19), we can easily find that there exists exactly one zero eigenvalue for the state matrix of (19) , together with the other eigenvalues all with the positive real parts. Due to the algebraic equivalence between (4) and (19) , the same eigenvalue distribution applies to the state matrix Γ of (4). By following the same way adopted in deriving [24, 
where w l ∈ R 2n and w r ∈ R 2n are the eigenvectors of Γ for the zero eigenvalue that satisfy Γw r = 0, w T l Γ = 0 and w T l w r = 1. Due to the strong connectivity and structural balance of G (B) and by the structure of Γ in (4), we can develop the candidates of w l and w r as
The substitution of (26) and (27) into (4) 
With (28), it is immediate to conclude the converged solution of (3) in 1) of Theorem 1.
Case ii): G (B) is structurally unbalanced.
To obtain the convergence analysis of (3), we consider Lemma 3 and can define a Lyapunov function candidate as
It can deduce from (29) that V 2 (t) is positive definite because k > µ > 0, δ > 1 and H is positive definite. Furthermore, by considering (29) for (3), we can validatė
where, due to (6), H is given by
In the same way as used in proving the positive definiteness of M in (23), we can apply (31) to show that H is positive definite, and as a consequence of (30),V 2 (t) is negative definite. Based on the standard Lyapunov stability theory, we can immediately conclude that the system (3) is asymptotically stable, that is, lim t→∞ x(t) = 0 and lim t→∞ u(t) = 0. With the analysis in Cases i) and ii), we gain the sufficiency proofs for the results 1) and 2) of Theorem 1, respectively. In fact, the necessity proofs of them can be developed by noticing the mutually exclusive relation between the structural balance and unbalance of G (B).
Proof of Theorem 2. With Lemma 5 and Corollary 2, this proof can be developed based on the Lyapunov function candidate V 2 (t) in (29) by following the same steps as employed in the Case ii) of the proof of Theorem 1 and, thus, is not detailed here.
